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Topologically Convex Sets and Fixed Point Theory 

By 

G. Stephen Jones* 


In the study of topological invariants associated with convex sets 
it is important that large classes of sets which are topologically equi- 
valent to convex sets be identified. This is particularly true in inves- 
tigations which are concerned with the fixed point property associated 
with continuous functions on convex sets. It is the main purpose of this 
paper to identify a class of topologically convex sets and to use this 
identification to obtain several interesting results in the theory of 
fixed points. 

For a linear topological space X and subsets A and B of X, 

we denote by A, A° , 8 (A), and A \ B the closure of A, interior of 

A, boundary of A, and the set of all elements in A not in B 

respectively. If s( X and x and y are elements of X, then S 

is said to be linearly connected relative to x and y when for each 

z in S. the set SOP is connected where P is the 2-dimensional 
7 z z 

plane containing x, y, and z. Our principal result concerning topolo- 
gically convex sets is embodied in the following theorem. 

Theorem 1. Let A and B be two convex sets in a real linear 
topological space X such that ARB is bounded. If relative to 6 ome 
x^ in A° 0 8 (B) and x q in B° fl 8 (A), A° (i 8 (B) and B fl 8 (A) 
linearly connected sets, then there exists a one-to-one continuous function 
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f which maps A onto A \ B° and f is a homeomorphism on A°. 
Furthermore, if p is the support function of A fl B defined relative 
to some interior point, then for arbitrary e > 0, f may be defined to 
be the identity map outside the set [x : p(x) < 1 + e}. 

We recall that the Tychonoff Fixed Point theorem states that every 
compact convex subset of a locally convex linear topological space has the 
fixed point property, [l ] . Before proving Theorem 1 let us make a straight 
forward application of it together with the Tychonoff theorem in proving 
the three essentially equivalent theorems stated below. For this purpose 
we define the linear extension of a subset A of a linear topological 
space X as the smallest linear subspace of X containing A. If 
AC YC X, then (A ~ Y)° and d(A ~ Y) denote the interior and boundary 
of A respectively in the relative topology of Y. We denote a mapping 
as compact if its range is contained in a compact set. 

Theorem 2 . Let X be a locally convex linear topological space, 

A a closed convex subset of X, and F a continuous mapping of A into 
itself. Let the closed convex hull of F(A) be compact, let B be a 
convex body in the linear extension Y of A, and relative to some x. 
in (A ~ Y)° (1 d(B ~ Y) and x q in (B ~ Y)° fl d(A ~ Y) let 

(A ~ Y)° (1 d(B ~ Y) and (B ~ Y)° n d(A ~ Y) be linearly connected. If 

F(A \ (B ~ Y)°) C A \ (B ~ Y)°, then F has a fixed point in A \ (B ~ Y) 

Theorem 3 . Let X be a complete locally convex linear topological 
space, A a closed convex subset of X, and F a compact mapping of A 
into itself. Let B be a convex body in the linear extension Y of A, 
and relative to some x^ in (A ~ Y)° 0 c)(B ~ Y) and x q in 

(B ~ Y)° fl d(A ~ Y) let (A ~ Y)° 0 d(B ~ Y) and (B ~ Y)° fl d(A ~ Y) 

be linearly connected. If F(A \ (B ~ Y)°) C A \ (B ~ Y)°, then F has a 
fixed point in A \ (B ~ Y)°. 
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Theorem 4. Let X be a locally convex linear topological space, 

A a compact convex subset of X, and F a continuous mapping of A 
into itself. Let B be a convex body in the linear extension Y of 
A, and relative to some x 1 in (A ~ Y) n d(B ~ Y) and x q in 

(B ~ Y)°(l d(A ~ Y) let (A ~ Y)° fl d(B ~ Y) and (B ~ Y)°fl d(A ~ Y) be 

linearly connected sets. If F(A \ (B ~ Y)°) C A \ (B ~ Y) , then 
F has a fixed point in A \ (B ~ Y)°. 

Proofs. Let us suppose the hypotheses of Theorem 4. As subsets of 
the linear space Y, clearly A and B satisfy the hypothesis of 
Theorem 1. Hence there exists a one-to-one continuous function f which 
maps A onto A \ (B ~ Y)°. Since A is compact f is a homeomorphism 
on A and the mapping f _1 Ff is a continuous mapping of A into A. 

Hence using the Tychonoff theorem we have that there exist x* in A such 

that 


f _L Ff (x*) = x*. 

But, of course, it follows that 

F(f(x*)) = f(x*), 

where f(x*) is contained in A \ (B ~ Y)°, so Theorem 4 is proved. 

Now let H denote the closed convex hull of F(A). If X is a 
complete locally convex linear topological space and F(A) is compact, 
then the fact that H is compact is proved in [2]. Hence the hypotheses 
of either Theorem 2 or Theorem 3 imply that H is compact. Replacing A 
by H we observe easily that the hypotheses of Theorem 4 are satisfied, 
so the validity of Theorem 2 and Theorem 3 is established. 

These theorems bring out the usefulness of Theorem 1 in providing a 
technique whereby a set may be partitioned and the question of fixed points 
considered on its component parts. As an example of a situation oalling 
for such a technique, let us suppose that the zero element 0 of X is 
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contained in the set A, and it is important to know whether or not 
F has a nontrivial fixed point in A. If a neighborhood of 0 with 
the properties of B can be constructed, then it is clear from our 
results that such a fixed point exists. Situations of this type asso- 
ciated with establishing the existence of nontrivial periodic solutions 
of functional-differential equations are discussed in [ 3 ]. 

Let us now use Theorem 1 to prove a fixed point theorem which shows 
that, in a rather general sense, all the fixed points of a mapping of a 
convex set into itself can not be isolated boundary points and repulsive. 

Theorem 3 . Let S be a closed convex subset of a complete locally 
convex linear topological space X, let F be a compact mapping of S 
into X with F(S) C S, and let A = {x ± : i = 1,2, ..., n} be a finite 
set of fixed points under F contained in d(S). Let 

^ = (N ± : i = 1,2, ..., n) be a set of bounded convex neighborhoods of 
the origin and let p 2 , ..., P n denote their respective support func- 

tions defined relative to the origin. F has a fixed point in S \ A 
if one of the following conditions is satisfied. 

(a) There exist 5 > 0 such that for each x. in A, 

1 & 

p^Ffx) - F(x jL )) ^ p ± (x - x ± ) “ when p i (x - x^ is sufficiently small. 

(b) There exist X-^ > 0 such that for 0 < X S and in , 

(XN^ 0 D d(S) is linearly connected relative to x.^ and a point in 
dCXI^) D S°, and for each x ± in A, p ± (F(x) - F(x i ) ) 5 p ± (x - x ± ) when 
p^(x - x^) is sufficiently small. 

In preparation to proving Theorem 5 , Theorem 1, and other results to 
follow, it is convenient to introduce some additional notations. If x is 
an element of a linear topological space X and A is a subset of X, 
then C(x, A) denotes the cone with vertex at x generated by A. That 
is. 


c(x, A) = (y : y = (1 - X)x + Xz, z in A, X > 0} 
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For x and y in X, 

'xy = (z : z = (l - \)x + Xy, 0 < X < 1}, 
xy = the closure of 'xy, 

/(xy) = {z : z = (l - X)x + Xy, - 00 < 00 < °°) , 


and 


r(xy) = {z : z = (l - X)x + Xy, X § 0}. 

The following lemma will he useful in the proof of Theorem 5 when 
it is supposed that condition (a) is satisfied. 

Lemma 1. Let A be a convex set contained in a locally convex linear 
topological space X and let K be a bounded convex neighborhood of the 
origin. Let x q be contained in d(A) and suppose x^ is a point in 
d(x Q + K) H A°. For all rj > 0 let x(t]) = d(x Q + tjK) ft STx^. Then there 
exist positive constants r)-^ and e such that 

C(x(tj) , x q + e n K) n AC (x q + t|K) fl A, 


for all t] in (0, tj. ]. 

Proof. Let us decribe the ray r(x^X Q ) by the formula 
£(x) = (1 - X)x 1 + Xx q , UO. 

Since A is convex, obviously £(2) = 2x q - x^ = x^ is contained in 
X \ A. Let p denote the support function of K defined relative to 
the origin, and for arbitrary x in X and a > 0 let 


N(x, a) = (y : y = x + u, p(u) < a}. 
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Clearly there exist a constant r such that N(x^, r) C A and 
N(x 2 , r) C X \ A. Let 0 < T] < pfc.^ - x q ) and let c be a constant 
such that c ^ 6(p(x 1 - x Q ) + p(x Q - x 1 ))/r. Let x^ = jix 1 + (l - n)x Q 
and x^ = n x 2 + (1 - n)x Q where np(x x - x q ) = t\. let y = x^ + u 
when p(u) £ n r * Then 

y = x ? + u = n^ + iu) + (1 - n)x Q , 
and z = x, + -u is contained in N(x n . r) . Hence y is contained in 

1 n 1' 

'z~X Q and consequently in A. It follows that N(x^, nr) C A, and in a 
similar fashion it may be shown that N(x^, n r ) ( X\A. Furthermore, it 
is clear that 

V Q = (x : x = (1 - \)x Q + Ay, y in N(x^, nr), 0 < A H] A°, 

and 

V 1 = {x : x = (l - x)x Q + Xy, y in N(x^, n*0, 0 <A S 1}C X\A. 

let C o = c(x q , N(x^, n^))> ^2_ = and 

V 2 = tx : x = (1 - X)x ? + Xy, y in N(x q , t\/c), X £ 5 A)o 
Clearly c > 5 p(x, - x Q )/ r implies 

h < fo - Ik 

c Pix-L-x^ 

for X ^ 5 /k, and considering an arbitrary element x = (l - x)x^ + Xy 
in Vgj ve have 


x = (1 - X) (-Xj^ + ax 0 ) + X(x o + y ± ) = (X - l)x 4 + (2 - X)x q + Xy^ 
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where p(y^) g q/c. Letting p = X, - 1, we have x = px^ + (1 - p)x Q + \y r 
Hence if pCXy^) S ppr, then x is contained in C Q . But by definition 
p(y^) g q/c, so for \ ^ ^/k it follows that 

pC^) £ \n/ c < (*■ - l)rtv/p(x 1 - X Q ) = ppr, 

and consequently V 2 C C Q . Let o> be an arbitrary point in d(C Q ) fl 3(C^). 
Then to = (1 - \)x^ + \(x Q + y g ) where 1 - q/c < \ < ^ and p(y 2 ) ^ q/c. 
Hence we have 


(D = x 0 + (! - \)p(x 1 - x o ) + Xy 2 , 


where 


P((l - X)p(x 1 -x q ) + \y 2 ) § (l-\)pp(x 1 -x o ) + \p(y 2 ) 

g (l-X)q + Xq/c < T). 

Hence every ray r(x^y), y in N(x o , tj/c ) , intersects C Q H N(x q , q). 

Since it is easily verified that such rays must remain in C Q once they 
have entered, it follows that they intersect S(n(x q , q)) outside A 
which, of course, Implies that fl A £n(x q , q) 0 A. It is clear that 
N(x q , q/c) = x Q + J K, N(x q , q) = x q + qK, and 

x^ =x( q) = d(x Q + qK) fl ^Tx^. Therefore, letting € = l/c, q x = p(x_ L - x q ), 
we have 


C( x ( q) , x Q + eqK) (1 A£ (x q + qK) H A, 
and our proof is complete. 

Proof of Theorem 5. Preceding directly now with our verification 
of Theorem 5, we assume condition (a) is satisfied. Clearly there exist 
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6 > 0 such that the sets N* = p N. , i = 1, 2, n are mutually 

11 o n — 

disjoint and do not cover S. Let s he an element in S \ UN* and 

_ i=l 1 

for i = 1, 2, n, let u ± = 8^ + N*) fl sx ± and 

(tj) = 8(x 1 + tin*) n u^. From Lemma 1 it is clear that for tj suffi- 

ciently small there exists e > 0 such that 

C(v ± (ti), x ± + £t] N*) fl SC (x ± + T) N*) US (!) 

for i = 1, 2, . .., n. Using condition (a) we know that there exist 
q > 0 such that if q ^ q^ and p^(x - x^) ^ tj, then 

P ± (F(x) - F(x i )) S ip ± (x - x ± ). (2) 

Hence defining q^ i = 1, 2, n to be the support functions of the 

sets C(v i (Tj 1 ), x i + q^) it is clear from (1) and (2) that for 

q^(x - x^) sufficiently small, 

q i (F(x) - F(x ± )) * q t (x - x ± ). 

On the other hand we observe that the sets CCv^t^), x i + q N*) are 
linearly connected relative to the points and v^t^). Hence replacing 

the sets N ± , i = 1, 2, n in our hypothesis of Theorem 5 by the sets 

C(v^(tj^), x ± + q^j) we have that condition (b ) is met. Therefore, 

Theorem 5 will be proved once it is shown to be valid when condition (b) 
is satisfied. 

Let H denote the closed convex hull of F(S), and let Y denote 
the linear extension of H. As we have observed previously the compact- 
ness of F(S) implies H is compact and obviously F(H) C H. Assuming 
condition (b) is satisfied it is clear that we may chose e.^ to be such 
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that p.(x -x.) S € for each x. in A implies 
1 ' i' 1 i 

p.(F(x) - F(x ± )) = p^Ffc) - x ± ) * p i (x - x ± ), 

and the sets (B.^ ~ Y)° (1 d(H ~ Y) have mutually disjoint closures and 

are linearly connected relative to x^ and points in ^(B.^ ~ Y) fl (H ~ Y)°, 

when 

e ! 

B i = (x : P 1 (x - x ± ) < y}. 

Since the compactness of H implies H is hounded, we can easily verify 
that the linear connectivity of (B^ ~ Y)° fl d(H ~ Y) implies the linear 
connectivity of (H ~ Y)° fl B(B^ ~ Y) relative to the same points. Ia t ting 

A i = {x ; € ± /2 S p i (x - x ± ) § x in H}, 

it is clear that F(A^) ( H \ B^, i = 1, 2, n. 

n 

Now let F* he the mapping defined on H \ U B., in the following way: 

i=l 1 

F*(x) = F(x) if F(x) is contained in H \ and 

F*(x) = d(B ± ~ Y) fl xF(x) 

if F(x) is contained in Bf. Since the B^s are convex it is clear 

that F* is well defined and the fact that F(A. ) C H \ B. implies F* 

n 1 1 

has the same fixed points in H \ U B. as F. We observe that for each p 

n j_-3_ 1 1 

and arbitrary x in H \ U B. that 

i=l 

lim (yF(y) : p. (y - x) ^ e, y in H} = xF(x)'. 
e - 0 
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Suppose F(x) is contained in B^. Then for an arbitrary neighborhood 
N(F*(x), e) defined relative to p.^ there exist a neighborhood 
N(x, v) defined relative to p^ such that 

M = (yF(y) : P i (y - x) § v, y in H) n d(B ± ~ Y) C N(F*(x), €). 

Since F*(n(x, v)fl H) is obviously contained in M it follows that 

F*(N(x, v)n H) C N(F*(x), e). 

n 

Hence it is clear that F* is continuous on H \ U B . . 

i=l 

Now let N x , N 2 , . . . , N n be open convex neighborhoods of B^ 

B B respectively with mutually disjoint closures. By Theorem 1 

2* * n 

for each B^, there exists a homeomorphism f^ on H in Y which maps 

H onto H \ B 1 and is the identity map outside N^. If n 

g = f f . . . f then clearly g is a homeomorphism of H onto H \ U B,, 
1 2 n i=l 1 

and g -L F*g is a continuous mapping of H onto H. Hence using the 
Tychonoff theorem we have that there exists x* in H such that 

g -1 F*g(x*) = x*. 

But, of course, this implies F*(g(x*)) = g(x*), and since g(x*) is 
n 

in H \ U B, we also have that 
i=l 1 

F(g(x*)) = g(x*). 

Therefore, g(x*) is a fixed point under F contained in H \ A, and 
our theorem is established. 

A set S C X is called a star body if there exists a point x q in 
S° with respect to which S is a star set and if each ray r(x Q y) inter- 
sects d(S) in at most one point. The notion of a star body will be used 
in proving some of the lemmas to follow which are preparatory to proving 
Theorem 1. 

LemnH, 1. Let X be a locally convex linear topological space and 
let S C X be a bounded star body with respect to a point x^ in S . 
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Th^n there exists a unique positive continuous function X on X \ {x^} 
and a unique continuous mapping cs : X \ {x^}-*- d(S) such that for each 
x in X \ {x 1 }, 

x = (1 - X(x))x 1 + X(x)<d(x). (3) 

Proof. Consider an arbitrary point x in X \ (x-^. Since the ray 
r(x^x) must intersect d(S) at a unique point, we may denote this 
point by cs(x). Obviously then x may be expressed by the formula 

x = (l - X(x))x 1 + X(x)<s(x), 

where X(x) is a unique positive number. Hence to prove our lemma we 
have only to show that X and o> are continuous at x. 

We may assume without loss of generality that x^ = 0, and our 
formula reduces to x = X(x)cd(x). Let N(o) be an arbitrary bounded 
neighborhood of the origin and let N^(0) contained in N(0) be a con- 
vex neighborhood of the origin such that o>(x) is not in N^(0). Let 
the neighborhood N 2 (o) of the origin be convex and such that 
H 2 (o) C N-^O). We let x 2 in r(0 u)(x)) be such that x 2 + a N 2 (o) 
is contained in oj(x) + N 2 (0) and is disjoint from S for some fixed 
a > 0. Consider C (0, <s(x) + b N 2 (x)), b > 0, and C(oj(x), 
acs(x) + a N 2 (o)). Now x in C(0, cs(x) + b N 2 (o)) implies 
x = £[o>(x) + by 1 ], where £ > 0 and y^ is contained in N 2 (0). Hence 

x = (2 - |)cb(x) + (1 - |)(2co(x)) + |by 1 

= (1 - p)co(x) + p(ao(x)) + Voy lf 

where p = | - 1. Nov hy boundedness there exist p > 0 such that 


(l - Ti)cs(x) + Tj(aa>(x)) + £b N 2 (0) C <d(x) + N 2 (0) 
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for all t) such that |t]| § jj. and M s n. Hence letting 

b g min(p, a^/|} we have that x = (l - p)<n(x) + p(x g + ^ y 1 ) which is 

contained in C(<n(x), 2u>(x) +a N 2 (o)) whenever p >p which, of 
course, implies r(0(cs(x) + by 1 )) intersects 3(^(0)) inside C(cd(x), 

2o>(x) + a Ng(0)) H (X \ S). Therefore C(0, cd(x) + b Ng(o)) must inter- 
sect 3(s) inside N-^(o). It follows that co(y) not contained in 
<d(x) + N(o) implies tu(y) is not contained in C(0, o>(x) + b Ng(0)) and 

consequently y = X(y)o>(y) is not contained in C(0, a>(x) + b N 2 (0)). 

Clearly there must exist c > 0 such that x + cb N 2 (0) C C(0, co(x) + b N 2 (0) ), 

so y is not in x + cb N 2 (0). Hence y in x + cb N 2 (0) implies co(y) 

is in cn(x) + N(0) and the continuity of o> follows. 

Now let N^(0) C S° be a convex neighborhood of the origin and let 
p denote the support function of N,(0) defined relative to 0. For 
arbitrary 8 > 0 we may choose N^(0) C N ^(°)) PI (- 2 N^(0)) such 

that y in x + N> (0) implies ts(y) is contained in 

^ *r 6 

(o>(x) + 2x(x) N 3^°) ) n (<°( x ) " We observe that 

y - x = x(y)ai(y) - X(x)o>(x) 

= (x(y) - X(x) )<n(y) + X(x) (cs(y) -<o(x)) 

and 

(x(y) - X(x) )cs(y) = y - x + x(x)(o>(x) - o>(y)). 

Hence 

|x(y) -X(x)| < |x(y) - X(x) | p(oi(y)) 

S max{p( + [(y-x) + X(x)(o>(x) -<n(y))])}, 
and it follows that for y in x + N^(0) 
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|x(y) - i(x) | < &• 

Therefore X is also continuous and the proof of our lemma is complete. 

Lemma 2. Let X he a locally convex linear topological space. 
Every closed and hounded star body contained in X is topologically 
equivalent to a closed and hounded convex hody. 

Proof. Let S he a closed and hounded star hody in X with 
respect to a point x in S°. Since X is locally convex there exist 
a closed and hounded convex hody K such that S C K . By lemma 1 
each x in X \ (x } may he uniquely expressed as 

x = (1 - X(x))x 1 + \(x)o)(x), 

where X is a continuous positive functional defined on X \ {x^} and 
(0 is a continuous mapping of X \ (x^} onto d(K). For each x in 
S we define 



where x is in r(x- L oj(x)) and a(ts(x)) is the positive functional such 
that 

(1 - a(cu(x)))x 1 + a(co(x))<n(x) = d(S) n r(x- L tc(x)). 

Since K is convex and S is a star hody it follows that 9 and q> 1 
are well defined. We easily observe that qp(S) = K. Since a(o>(x) ) 
is hounded away from zero and continuous by virtue of Lemma 1 it follows 
that cp is continuous, cp - ^ is given by the formula 
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<P -1 (y) = x ! + a(aj(y))(y - x^. 


for y in K, and its continuity follows from the continuity of a 
and a>. Hence we have that qp is a homeomorphism mapping S onto K 
and our proof is complete. 

One observes that Lemma 2 yields an Immediate yet perhaps useful 
corollary to the Tychonoff Fixed Point Theorem which may be stated as 
follows . 


Theorem 6. Every compact subset of a locally convex linear topo- 
logical space which is a star body in its linear extension has the fixed 
point property. 


Proof. Since Lemma 2 implies every compact subset which is a 
star body in its linear extension is topologically equivalent to a compact 
convex subset, this theorem follows trivially from the Tychonoff theorem. 


Lemma Let A and B be two convex subsets of a real linear 
topological space X such that A 0 B is bounded and let 
A = 3(A) fl 3(B). Relative to x.^ in A° fl 3(B) and x q in B° n 3(A) 
let A° fl 3(B) and B° fl 3(A) be linearly connected and let 
C = C(x^, B fl 3(A)). Then there exist a one-to-one continuous function qp 
which maps A \ C° onto A \ B° and which maps A \ (C°U A) onto 
A \ (B° U A) topologically. 


Proof. For each y in A let 


C y = (x : x = (1 - xJx-l + Xz, a in x Q y, X. £ 0}, 


and let 


denote the two dimensional plane containing 



We shall 


show that 
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C = U {C : y in A}. 


( 4 ) 


We begin by letting P~ and P denote the two half planes composing 

y y 

P \ f(x y) where P~ contains x.. Clearly C , P , P , and P - 

y v 0 ' ' y 1 y 7 v y y 

are convex. Let z be an arbitrary point in '$r?. Since 

r(x^z)(T) = (l - t)x 1 + xz is contained in A° fl B for < 1 a nd 

d(B) PI P (1 A° C it is clear that for some unique T *= 1, r(x,z)(T ) 

y y j- -L 

is contained in d(A). Since t(x^z)(t) for T ^ 1 must be contained 
in P + and (d(A) PI P ) \ bC P~, we have that r(x.z)(T,) is contained 

y 0 y y ^ 

in d(A) n B . Hence r(x^z) C C and we may conclude therefore that 
C C C for all y in A. That is, U (C ’ y in A)( C. 

y y 


Now let x be an arbitrary point of C. For some rj > 0, 
x — (l — r|)x^ = qu, where u is contained in d(A) (1 B°. If u is 
contained in C(x , A), then obviously x is contained in C for some 

^ y 

y in A. If u is not contained in Cfx f A), let P be the two 

v o 7 /7 u 

dimensional plane determined by x q , and u. Clearly there is a 

unique arc in d(A) fl P^ fl B from x q to a point y in A which con- 
tains u, and x^u must intersect i(x Q y)« Since 'x^u C A° and 
A° fl i(x y) - x y it follows that x,u intersects x^y" which, of course, 
implies u and consequently x is contained in C . Thus we have 

y 

C C U (C : y in A} which together with the reverse inclusion obtained 

y 

in the previous paragraph establishes (k) . 

Our next step is to construct a one-to-one mapping q> which maps 
A \ B° onto A \ C°. To this end we consider an arbitrary but fixed 
point x^ in oTx^, an arbitrary element v in A fl d(B) and let 
P^ be the two dimensional plane determined by x^, x^, and v. Since 
there is a unique arc in d(B) fl P y H A from x^ to a point y in A 
which contains v, we have P = P . Let P* and P** denote the two 

7 v y y y 

half planes composing P^ \ i(x^y) where x^ is contained in P*. Since 

v is contained in P** it follows that r(x 0 v) must intersect i(x,y) 

y ' 2 ' v 1 7 

once and only once. It is clear that the correspondence y < — > C is 

y 

one-to-one, so we have that each ray r(x^v) must intersect the set 
&(C) H A once and only once. Now let K be a closed and bounded convex 
set such that A 0 B is contained in K°. It is clear from Lemma 1 that 
that each x in X \ [x } may be uniquely expressed as 



where X is a continuous positive functional defined on X \ {x^} and 
0 ) is a continuous mapping of X \ {x^} onto d(K fl A). For each x 
in (A \ C°) fl K we define 

<*{x) = <d(x) + < x - ®( x »* (5) 

where x is in r(x 2 (o>(x)) and a(a»(x)) and p(cs(x)) are positive 
functional such that 

(l - a(cs(x)))x 2 + a(a)(x) )oj(x) = d(B) fl r(x^n(x)) 


and 


(1 - p(d)(x)))x 2 + p(a>(x))m(x) = a(C) n r(x^o(x)). 

On (A fl (X \ K)) we define <p(x) = x. Clearly the fact that qp and 
<p -1 are well defined follows immediately from the convexity of B and 
K and the unique point of intersection property we have established be- 
tween d(C) and any ray r(x^n(x)). We also easily observe that 
<p(A \ C°) = A \ B°. 

Now consider the functional r defined by the formula 



for x in A \ (C° UA). we have that A fl B is a bounded convex body 
and by (4) it is clear that A fl C is a bounded star body. Hence using 
Lemma 1 we have that a, p, and o> are continuous. Choosing x in 
A \ (b° UA) there exists a neighborhood N(0) of the origin such that 
for y in x + N(0), p(o)(y)) <1-6 when 5 is come positive con- 
stant. Thus for y in x + N(0) we have 
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|r(y) - r(x) | = 


(l-p(<p(x) j)(g(<p(x)) - a(a>(y) ) ) + (l-a(m(x)))(P(<p(y))-P(q>( x ))) 

(l - p(a>(y) ) (1 - p(co(x))) 


s jr|a(a>(x)) - a(aj(y))| + -i|p(a)(x)) - p(a>(y))|. 

8 


Hence it is clear that the continuity r at x follows from the continuity 
of a, 0, and o>. We have, therefore, that r is continuous on 
A \ (C° HA), and since f(x) does not vanish on this domain, the func- 
tional £(x) = 1 / r(x) is also continuous. In addition, we observe that 


0 ^ r(x) < 1, 

on A \ (C° U&), since 1 >a(o>(x)) > 0(u>(x)) >0. 

Returning to our mapping qp we have that the continuity of qp 
on (A \ (C° U A) ) (1 K° follows immediately from the continuity of cd 
and r- Also qp" 1 on (A \ (B° U A) ) D K° is expressed by the formula 

<p - 1 (y) = o»(y) + £(y)(y -<u(y)), (7) 

so the continuity of qp ^ on (A \ (C° U A)) D K follows from the 
continuity of cn and f;. Now consider an arbitrary point x in 
A U (A (1 P(K)) and let y be an arbitrary point in A \ C°. We have 


qo(y) - qp(x) = cn(y) + r(y) (y - a>(y) ) - oj(x) 

= (1 - r(y))My) - cd(x)) + r(y)(y - x). 


( 8 ) 


if y is in (A \ C°) 0 K, and 


qp(y) - cp(x) = y - x. 
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if y is In A fl (X \ K) . Since 0 ^ y(y) < 1, it is clear that the 

continuity of qp at x follows immediately from the continuity of cd 
at x. Hence we have that qp is continuous on (A \ C°) fl K. The 
extension of the continuity of <p to the remainder of A \ C° follows 
trivially, so we have that <p maps A \ C° onto A \ B° continuously. 

Now let y be contained in A fl 8(K) and consider the transforma- 
tion qp - "*". For arbitrary z in A \ B° we have 

<p -1 (z) - <jf 1 (y) = io(z) + (;( z)(z - o>(z) ) - <n(y) 

= (1 - £(z))(a>(z) -ai(y)) + t(z)(z - y), 

if y is in (A \ (B° UA)) fl K, and 

<p -1 (z) - 9 -1 (y) = z - y, 

if y is in A fl (X \ K) . It is easily verified that there exist a 
neighborhood in y on which £ is bounded so it is clear that the 

continuity of qp" 1 at y follows from the continuity of o> at y. 

Thus qp~^ is continuous on (A \ (B° U A)) fl K and the extension to 
the remainder of A \ (B° U A) follows trivially. We may conclude, 
therefore, that <p is a homeomorphism on A \ (C° U A) and the proof 
of our lemma is complete. 

Lemma 4. Let X, A, B, and C be defined as in Lemma 2. There 
existsa homeomorphism \|r mapping A \ C° onto A. 

Proof. Let x , A, C , and P be defined as in the proof of 

° y o y - 

Lemma 2. Let x^ be a point in (A \ B) fl i(x^x o ) and let 
C* = Cfay B D 8(A)). By the boundedness of AO B and the convexity 
of A, obviously every ray in C* must intersect 8(A) at a unique 
point. For arbitrary u in B° fl 8(A) we consider the segment x^u 
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in C*. It was established in the proof of Lemma 2 that u must be 


contained in P for some y in A. Since 


X X-, 

o 1 


is contained in 


P it follows that r(x 7 u) is contained in P . Since is an 

y 3 y y 3 

exterior point of and u is an interior point it follows that 

x^u must intersect d(C) at a unique point. 

By Lemma 1 we may express each x in C* \ (x^} uniquely as 


X = (1 - n(x))x + p(x)v(x). 


where ji Is a continuous positive functional on C* \ (x^} and v is 
a continuous mapping of C* \ {x^} onto B fl d(A). We define ty(x) on 
C* \ C° by the formula 


*(x) = x 2 


- X 

n(v(x)) 


(9) 


where x is in r(x 2 v(x)) and t](v(x)) is the positive contiguous func- 
tional such that 


( 1 - ti(v(x)))x 2 + t]( v (x) ) v (x ) = d(C) n r(x 2 v(x)). 

On A \ C* we define i|r(x) = x. Clearly and \Jr — are well defined 
by virtue of the unique point of intersection property established between 
x 2 v(x) and £(C) in the previous paragraph. Also we can easily verify 
that ty(A \ C°) = A. 

Since t](v(x)) is continuous, bounded, and bounded away from zero 
on C* \ C° it is clear from (9) that \|/ and i|r — are continuous on 
C*° \ C° and C*° H A respectively. Let x be an arbitrary point in 
d(C*) fl A and let y be arbitrary in A \ C°. We have 

*(y) - - x 2 + + x 


(1 'iR7J7 ) (x 2 - y) + ( y -*>> 
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if y is in C*, and 


t(y) - ^(x) = y - x, 

if y is in A \ C*. Hence it is clear that the continuity of at 
x follows from the continuity of rj and v and the fact that 
tj(v(x) ) = 1. Hence \|r is continuous on C* \ C° and it follows trivi- 
ally that i|r is continuous on all of A \ C°. In a completely analogous 
fashion we may verify the continuity of ijr - ''" on all of A. Hence \|r 
is a homeomorphism mapping A \ C o onto A and our proof is complete. 

Theorem 1. Let A and B he two convex sets in a real linear 
topological space X such that ARB is hounded. If relative to some 
x^ in A° H d(B) and x q in B° 0 d(A), A° D d(B) and B° R d(A) are 
linearly connected sets, then there exists a one-to-one continuous function 
f which maps A onto A \ B° and f is a homeomorphism on A°. Further- 
more if p is the support function of AflB defined relative to some 
interior point, then for arbitrary € > 0, f may he defined to he the 
identity map outside the set (x : p(x) <1 + e}. 

Proof. Let C he defined as in Lemma 3. Clearly K, as speci- 
fied in the proof of Lemma 3, may he chosen such that 

K = (x : p(x) S 1 + e}. 


Hence 9 as constructed in the proof of Lemma 3 is a one-to-one con- 
tinuous mapping of A \ C° onto A \ B which is a homeomorphism on 

A° and is the identity map outside K. Also i(r as constructed in the 
proof of Lemma 4 is a homeomrophism mapping A \ C° onto A and in 
the identity map outside K. Therefore, f = <p|f is a one-to-one 
continuous mapping of A onto A \ B which is a homeomorphism on A 
and the identity map on A \ K, so the proof of our theorem is complete. 


- 21 - 


As a final remark we mention that Theorem 1 is one of several 
similar theorems concerned with topologically convex sets which have 
very interesting applications in the theory of fixed points. For 
example, a theorem of the same type is presented in [4J and used to 
establish an asymptotic fixed point theorem which is very useful when 
investigating periodic systems in Banach space. 
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